Configurations of Extremal Even Unimodular 
Lattices 

Scott Duke Kominers 

Abstract. We extend the results of Ozeki on the configurations of extremal 
even unimodular lattices. Specifically, we show that if L is such a lattice of 
rank 56, 72, or 96, then L is generated by its minimal-norm vectors. 
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1. Background 

Even unimodular lattices have been studied extensively. There is a unique even 
unimodular lattice of rank 8, the lattice (see [2]). Niemeier [3] gave a complete 
characterization of the even unimodular lattices of rank 24, showing in particular 
that the Leech lattice A24 is the unique extremal even unimodular lattice of rank 
24. This and a similar classification problem were studied by Venkov [TOl [TT| . 
Venkov [TU] and Ozeki [SI [HI H] showed a series of "configuration" results for even 
unimodular lattices. 

Specifically, Venkov [lOj showed that if L is an extremal even unimodular 
lattice of rank 32, then L is generated by its vectors of minimal norm. Ozeki [HIT] 
obtained the same result for extremal even unimodular lattices of rank 32 and 
showed the analogous result for extremal even unimodular lattices of rank 48. We 
extend these results to cover extremal even unimodular lattices of ranks 56, 72, 
and 960 



^Note that while an extremal even unimodular lattice of rank 56 has been found, the question 
of whether there exist even unimodular lattices of ranks 72 and 96 is still open (see [2] p. 194]). 
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2. Introduction 

A lattice of rank n is a free Z-module of rank n equipped with a positive-definite 
inner product (•, ■) : L x L ^ M.. The dual lattice of L, denoted by L*, is given by 

L* = {y e L(g)R\ {y, x) e Z for aU x e L}. 

2.1. Even Unimodular Lattices 

A lattice L is said to be integral if (x, y) e Z for all x,y G L. An integral lattice L 
is called even if all its vectors have even norm, that is, {x, x) G 2Z for all vectors 
X E L. An integral lattice L is said to be unimodular if its dual is itself {L* — L). 

Even unimodular lattices exist only in ranks which are multiples of eight. 
Sloane showed that when L is even unimodular of rank n, the minimal norm of L 
is bounded by 

min{(a;,a;}} < 2[ri/24j + 2 (1) 

(see p. 194, Cor. 21]). A rank-n even unimodular lattice is called extremal if it 
attains the bound 

2.2. Theta Functions and Modular Forms 

Each lattice L has an associated theta Junction 0^, a generating function that 
encodes the norms of the vectors of L in the form 



0lW = E^ 



7riz{x,x) 



where z lies in the complex upper half-plane of complex numbers, 

n^{xe C|Im(2:) > 0}. 
A polynomial P G C[xi, a;„] is called harmonic if AP — 0, where A = 
S"=i is the Laplace operator. For a lattice L and homogeneous harmonic 
polynomial P of degree d, the weighted theta series Ql,p is the function 

eLM^) = J2Pix)e^"'^^-'^K 

x£L 

where, again, z G H. 

A holomorphic function f : Ti, C is called a modular form of weight k for 
(Z) if it is holomorphic at ioo and satisfies the condition 

f a b \ 

for all G S L2{1') / {±1} ■ If a modular form / vanishes at z = ioo, it is 

\c d J 

called a cusp form. 

A general introduction to modular forms for 5'L2(Z) may be found in [S]. 
As shown there, if Mj. and M° are, respectively, the C-vector spaces of modular 
forms and cusp forms of weight fc, then dmi{M^.) — for k odd, fc < 0, or fc = 2. 
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Also, dim(Af2fc) ^ 1 and dim(A/^j,) = for 4 < 2fc < 10 and 2k = 14. Further, 
multiplication by the form A — 12^^{Ef — Eg) gives an isomorphism 

Mk-12 ^ M°. 

When L is even unimodular of rank n, the theta function 8^ is a modular 
form of weight ^. As shown in [S], the weighted theta function Ql.p of an even 
unimodular lattice of rank n is a cusp form of weight j + d, where d > is the 
degree of the polynomial P (see [1]). 

2.3. Methods 

For an extremal even unimodular lattice L having minimal norm 2m, the first m—l 
coefficients of the weighted theta function 8l.p must vanish, as these coefficients 
count the vectors of norms less than 2m. We must then have 

Ql,p = 

for several values oi d = degP. From this, we extract linear conditions on the 
vectors in L which allow us to restrict the possible configurations of L. 

3. Dimension 72 

We adopt Ozeki's notation. For an even unimodular lattice L, we denote by A2m{L) 
the set of vectors in L having norm 2m. We denote \ A2k{L) \ by a{2k, L). It is clear 
that the theta series Ql is given by Ql{z) = Tl'kLo'^i'^^i ^ where q = e^'^*^. 
We also use the notation 

N,{x) = card({y G A,„(i)(L)| {x,y) = i}), 

where m{L) is the minimal norm min{2fc > 0|a(2fc,L) ^ 0}. Using the involution 
y < — > —y of A,n{L){L), we see that Ni{x) = N-i{x) for any x e L M. 

We have the following configuration result for extremal even unimodular 
lattices of rank 72: 

Theorem 3.1. // L is an extremal even unimodular lattice of rank 72, then L is 
generated by Ag{L). 

Proof. We partition L into its equivalence classes modulo As{L); to show the 
theorem it suffices to show that any class [x] G L/{As{L)) is represented by a 
vector xo S [x] with {xq,xo) < 8. 

For any equivalence class [xq] where xq 7^ is a representative of minimal 
norm, we have (xq, xq) — 2t for some i > 5, since we have from the fact that L is 
extremal that a(2, L) — a(4, L) — a(6, L) = 0. In addition, we have the inequality 

|(a;o,a;}| <4 

for all X e Ag(L), because if {xq, ±x) > 4 then L contains a vector x =p xg of norm 

(x =F a;o, a; T xa) = (x, x) =F 2 (x, xq) + (xq, xo) < (xq, xq) , 
contradicting the minimality of xq in [xq]. 



4 



Scott Duke Kominers 



Since \ {xo,x)\ < 4 for x e As{L), we have 

4 

J2 {x,xof' = 2Y,^"'-N^M, (2) 

x£As{L) i=l 

for all fc > 0. 

Since L is an extremal even unimodular lattice whose rank is a multiple of 24, 
we know that A8(L) is a spherical 11-design [21 p. 196, Theorem 23]. Hence, we have 
that for 1 < < 5, the average value of the degree-2fc polynomials x i— *■ {x,xo)'^'' 
over 8~iA^{L) equals the average value of a; t-^ {x,Xq)'^^ over the unit sphere. 

We obtain from the theta series for L that |A8(i)| = 6218175600. We thus 
have for 1 < fc < 5 

'x,Xf)f'^ = |A8(L)| / {x^xaf^ d^,{x) 



S71 



l-3---(2fc-l) , 
= °^"""'"'° 72-(72 + 2). -(-2 + 2.-2) ^ 

-°^^«^"''" S2^(72^2)V'(72"+'2.-2) '''^'''- 

Further, the fact that |A8(£)| — 6218175600 immediately gives that 

4 

6218175600= |A8(i)| = iVo(a;o) + 2^ iV,(a;o). (4) 

1=1 

Combining this equation ^ with equations and ([3]) for 1 < fc < 5 yields 
a system of six equations in the five unknowns Ni{xo) (0 < z < 4). We obtain the 
determinant of the (extended) 6x6 matrix for this inhomogeneous system, 

2253^5''72<(168t^ - 2800t^ + 17745t2 - 50635i + 54834), 

which has no real solutions t > 0. In particular, then, we cannot have any integral 
solutions for the Ni(xo) when f > 4, so we must instead have (a;o,a;o) = 2t — 0, 
which proves the result. □ 



4. Dimension 96 

We continue to use the notations introduced in Section [H We also denote by 
Pd,xoi^) the "zonal spherical harmonic polynomial" of degree d, related to the 
Gegenbauer polynomial by 

Pd.xo (x) = Gd{{x, xq) , ((a;, x) {xq, xq))^^^), (5) 

where Gd{t, 1) is the Gegenbauer polynomial of degree d evaluated at t [I]. 

We find a configuration result for extremal even unimodular lattices of rank 
96 analogous to our result for such lattices of rank 72. First, however, we will need 
a lemma which generalizes part of Corollary 3.4 of [3]. 
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Lemma 4.1. If L is an extremal even unimodular lattice of rank n, then Am{L) 
spans L R for any m > such that Am(L) is nonempty. 

Proof. We liave 

P2.xa{x) = {x,Xo) 

n 

spherical harmonic in dimension n. For fixed Xq G i (8" M, then, 

E P2.M=^ (6) 

a;GA™(i) 

since Am(L) is a spherical 3-design by [12j . as L is an extremal even unimodular 
lattice of rank n. 

Substituting the explicit form of ^2.2:0 i^ito ([6]) gives 

^ {x^x^f \ ^ {x,x)\ {x^^xq) (7) 

= - - m- |A„j(L)| {xo,xq) . 
n 

If there were some xq G L eg) R not in the span of A„j (L) , then the left-hand side of 
(l7|) would vanish, implying |Am(i)| = 0. By hypothesis, however, we have required 
|Am(L)| > 0; hence, we have the lemma. □ 

We now proceed with the configuration theorem for rank-96 extremal even 
unimodular lattices: 

Theorem 4.2. // L is an extremal even unimodular lattice of rank 96, then L is 
generated by Aio(£). 

Proof. We suppose that Aio(L) does not generate L, and consider the set of vectors 
LIq dual to the lattice Liq C L generated by Aio(i). We cannot have LIq = Liq, 
since then Aio(i) would generate an even unimodular lattice of rank 96, as its 
vectors span R^^ by Lemma BTTl in this case Aio(i) would have to generate all of 
L, since L is itself even unimodular of rank 96. 

Thus, there is some equivalence class [x] £ L\q/ Liq with minimal-norm rep- 
resentative Xq having rational norm not in 2Z. We have the inequality 

I (a;o, a;} I < 5 

for all X G iio, else we contradict the minimality of xq in [xq], as in the rank-72 
case. 

Since xq G L\q, by definition {x,xq) G Z for all x G Aio{L). Because we also 
have the constraint | {xq,x) \ < 5 for x G Aio(i), we find for all fc > 

5 

^ {x,xof'' = 2Y,^'''■N^{xo) (8) 

a:GAio(-L) «=1 

where we recall Ni{xa) = {x G Aio(i)| {x, xq) = i}. 
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It follows from the fact that QL,Pd {^) is a cusp form with vanishing , , 
q"^, and g'* coefficients that 

for d G {2, 4, 6, 8, 10, 14}. Therefore, 

E ^<i:-o(^)=0 (9) 

a;GAio(-L) 

for each of these d. (Note that for d G {2, 4, 6, 8, 10} we also have this result directly 
from the fact that Aio(i) is a spherical 11-design, as these Pd,xo have degree at 
most 11.) 

From the fact that |Aio(i)| ~ 565866362880, we obtain the additional equa- 
tion 

5 

565866362880= |Aio(i)| = A^o(a;o) + 2 ^ iV,(a;o). (10) 

1=1 

Combining this equation pI7|) with the equations © for d = {2, 4, 6, 8, 10, 14}, 
we obtain a system of seven equations in the six unknowns Ni{xo) (0 < ? < 5). 
The determinant of this inhomogenous system's (extended) matrix factors as 

Ks{s~l2)Q{s), (11) 

where s = {x„,xa), K = -2^2 . . • 7^ • 11 • 13 • 17 • 19 • 29 • 47 • 53 • 59, and 
g(s) = 255^ - 12755-* + 26112s3 - 2674445^ + 1362720s - 2741760 is an irreducible 
quintic polynomial. The only rational s — (xo,xo) which give solutions to our 
system, therefore, are the roots 

s = {xq.Xq) e {0,12} 

of the determinant pT|) . 

But then, any x G [x^] is of the form a;o + for some xi G Lio, so we see 

that 

(.T, x) = (xo, xo) + 2 (xo, Xi) + {xi,xi) . (12) 

Since {xq,xq) G {0, 12} C 2Z, (xq, xi) G Z, and {xi, xi) G 2Z, we see that (x, x) G 
2Z, from which it follows that LIq is even. 

In particular, then, L^q is integral, whence it has integral discriminant. Be- 
cause LiQ has finite index [Liq : L] in L, we see that Liq must have positive integer 
discriminant 

disc(Lio) = [Lio : L]2disc(i:) = [Liq : L]^ 
as well. But then, we have both 

[Lio : i]2 G Z 
[iio : L]-^ G Z, 

from which it follows that [Liq : L] = 1, so that Liq = L. □ 
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5. Dimension 56 

We use a combination of the techniques developed in Sections |3] and [4] to find a 
configuration result for extremal even unimodular lattices of rank 56. 

Theorem 5.1. // L is an extremal even unimodular lattice of rank 56, then L is 
generated by Ae{L). 

Proof. We partition L into equivalence classes modulo Aq{L). As in the rank-72 
case, it suffices to show that any class [x] S L/(Ag(L)) is represented by a vector 
Xq G [x] with {xo,Xq) < 6. 

Let Xq a minimal representative of any equivalence class [xq] £ L/{Kq(L)). 
We have (xq, Xq) — 2t for some t > A ii xq ^ and we have the inequality 

I {xo,x) I < 3 

for aU X e Aq{L). 

From this condition, we obtain the equation 

3 

{x,xof' = 2Y,-^''-N^ixo), (13) 

for aU fc > 0. 

It follows from the fact that QL,Pd i^) is a cusp form with vanishing and 
coefficients that 

for d e {2, 4, 6, 10}. This gives 

J2 PdM=0, (14) 

a:GA6(-L) 

for each d G {2,4,6,10}. 

Combining the fact that 

3 

iVo(a;o) + 2^7V,(a;o) = \K{L)\ = 15590400 
1=1 

with and (fH)) for d G {2,4,6, 10}, we obtain a system of five equations in 
the four unknowns Ni{xo) (0 < « < 3). This system's (extended) matrix has 
determinant 

-Kt^Q{t) (15) 

where = 2^^ • 3^ • 5^ • 7 • 29 • 31 and Q{t) is the irreducible sextic 

Q{t) = 8976t'' - 76120*^ + 104624*'' + 533337t^ - 972400i^ - 1952280i + 3644256. 

Thus, the only integral solution to the system is t = 0. But then we cannot have 
{xqjXq) = 2t > 6, so we are done. □ 
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